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Abstract 

Cn I We write the integral formula of Tarasov-Varchenko type for the solutions 

J^ ■ to the quantum Knizhnik-Zamolodchikov equation associated with a ten- 

sor product of the vector representations of sl„. We consider the case 
where the deformation parameter q satisfies \q\ = 1. We use the bosoniza- 
tion of the type II vertex operators in order to find the hypergeometric 



f^ ' pairing in this setting. 



1 Introduction 



-(— > 

C^ ' In this paper we construct a family of solutions to the quantum Knizhnik- 

Zamolodchikov equation ||l| associated with the vector representation of sin- To 
be more precise, we consider the case 



n 
(called level 0) of the following difference equation: 

f{Pl,...,l3r - Ai,. .. ,Pn) = Rr,r-l{Pr ~ Xi,l3r-l) ' ■ ■ RrsiPr - Ai,/3i) 

X DrRr,N{l3r, M'-' Rr,r+l{(3r, Pr+l)f{Pl, ■■■, M- (2) 

In this equation, the unknown function /(/3i, . . . , Pn) (/3i, • ■ ■ , Pn G C) takes 
its value mV®---<S)V where 



N 



V = ®-I^Cv, (3) 



is the vector representation of sin- The matrix Rrs{(3r, /3s) acts on the r-th and 
s-th components of the tensor product. It is the i?-matrix for Uq{sln)- The 



expHcit formula of the _R-niatrix is given by (14). In this paper, we restrict to 
the case where 

q = e"^ (/9GR>o). (4) 

The matrix Dr is a diagonal matrix acting on the r-th component. In this 
paper, we restrict to the case 

Dr = 1. (5) 

For n = 2, Smirnov |2| constructed a family of solutions to (g) which he 
identified with the form factors of the quantum sine-Gordon model. Later, 
Lukyanov P| gave a construction of the form factors by using the bosonic vertex 
operators. In the s/„ case, we adapt Lukyanov's approach with the modification 
given in B. In this paper, however, we only construct the so-called type II 
vertex operators. This construction gives us the hypergeometric pairing for two 
functions w and W in the terminology of Tarasov and Varchenko ||, ^, 0] : 

Iiw,W) = n n J ^K{{^,^r})wai,,r})W{{nr}). (6) 

J — 1 l<r<^j 

In this formula, the dependence on Pi, . . . , f3]^ in the right hand side is 
implicit in the kernel K as well as w and W. We write the integral formula 
of Tarasov- Varchenko type for the solutions to (0) with A = ^ by using this 
pairing: 

/(/3i,...,/3a,) = Y. ^Ki,...,>'^K®---®«j«- (7) 

We prove the convergence of the integral (0) in the positive Weyl chamber, and 
show that the equation (0) (with A = ^) is indeed satisfied. 

Finally we remark that the construction for sin case with generic highest 
weights is considered in [Q using the Jackson integral, and in in the setting 
of the hypergeometric pairing, (see ||l^, |l^, |lj, ^ for the conformal case, i.e., 
9=1). 

Acknowledgement 

The authors thank A. Nakayashiki, F. Smirnov and V Tarasov for valuable 
discussions. One of the authors (T.M.) thanks the organizers of the SIDE III for 
invitation and giving the opportunity for writing this paper. He also wishes to 
express his sorrow at the sudden death of Moshe Flato. He shares the warmest 
memories of the days with Moshe in Kyoto and Paris. 



2 Operator construction 

In this section, we construct the vertex operators 

^*{f3) (j = 0,l,...,n-l;/3eR) 



(8) 



satisfying the commutation relations with the i?-matrix for the quantum affine 
algebra Uq{sl„), i.e., 



vI/*(/3i)**(/32) 
and for j ^ k 



s(/3i-/32)**(/32)*K/3i)' 



iPi-P2){R{Pi,p2y/kn{f32)^*iPi) 



where 



m 



+ R{pup2&*mnwi)} 



S2{-^P\p,2n)S2{^f3+'-^^^\p,2^T) 
S2mP, 27T)S2{-tp + ^^^^|P, 27r) ' 



sh^(/3i-/?2) 



RiPuP2)% 



k] _ 



sh5(/3i-/32-^) ^'^''^' 



pn 

"sh^(/3i-/32-^) 

pn 

[ "sh5(/3i-/32-^) 



(j > fc); 



(j < A:). 



We define R{(ii,P2) e End(F ® F) by 



(9) 

(10) 

(11) 
(12) 

(13) 



j'k' 



Rif3uP2)vj^Vk = y^Ri/3uP2)%Vf^Vk', (14) 



where R{(3i,(i2)%, = except for (^, (|l|) and R{fii,(32)]] = 1. 

We refer the reader to [|lj| for the double sine function S2{x\uji^lo2). The 
deformation parameters q and p are identified by the relation (0). The con- 
struction of the vertex operators forces us to choose the normalization factor 
s(/3i-/32). 

The bosonization of the level 1 highest weight representations for Uq{sln) 
and the vertex operators acting on them are given in llq] and pq | , respectively. 
However, the present case is not connected to those works in which \q\ < 1. The 
case \q\ = 1 is obtained in the limit of the elliptic case considered in |17|, p^ . 
We adapt the construction in |18l by using the method developed in p, |l4W- 



Let aj{t) (1 < j < n — l;t G R) be the free bose fields satisfying the 
commutation relations 

[a,(i),afc(i')]=^,fe(i)'5(i + i'), A,,{t)^-- "^^ ^^^ -' . (15) 

n 2 

Here {ajk)i<j.k<n-i is the Cartan matrix of type An- 

We consider the Fock space T generated by the vacuum vector |vac) satis- 
fying 



Set 



aj(i)|vac} =0 if t > 0. (16) 



n-l , (n-j)TTt 



We have 



1 sh ('^ -I- -V 
K(t),a,(0] = ^1,- ^^^^pt" '^ft + 0- (18) 

We introduce the currents 

Vj{(3) = :exp(/ aj(i)e*'^*rfi) : (l<i<n-l). (19) 



They satisfy the following commutation relations. 

Vj{pi)Vk{p2) = Vk{p2)Vj{0i) (|j-fc|>2), (20) 

sh^(Pi-f32 + -) 
F,(/3i)F,_i(/32) = -^- -— ^T^,_i(/32)T6(/3i) (2 < j < n - 1), 

Stl-(,P2 - Pi + — j 

(21) 



sh^(/3i ~/32-^) 

(22) 



^,(/3i)VS(/32) - --^-^ ^^V,mV,{P^) {l<j<n-l) 

bn-{P2 ~ Pi- -^) 



Now wc define the vertex operators. 

**(/3) - TT r ^"fe ^^'^'°^^^o(/3)^i("i)---^.-K-) .23) 

Here we use ao = /3 and 

VoiP) = : exp (p al{t)e'<''dt\ : . (24) 



The relations (EOh and ( pi| ) are also valid for Vb(/3). However, the relation ( p2[ ) 
is modified to 

Fo(/3i)Vo(/32) = s(/?i-/32)K)(/32)Vb(/3i). (25) 

We give the proof of (g) and (|l^) later, which is the same thing with the proof 
of Lemma in Section 3. 

For a parameter A G R>o we define the A-expectation value by 

{a,{t)akit'))x = ^^A,,{t)S{t + t'). (26) 

If A = cxD this reduces to the vacuum expectation value. The A-expectation val- 
ues of products of vertex operators can be calculated by using Wick's theorem. 
We recall the following formula (see Q) for the two point function: 

(27) 

where a{t) and b{t) are bosons satisfying [a{t), b{t')] = A{t)S{t + t') and A{t) = 
—A{—t). We also list the two point functions of Vj{(3). In the formulas below, 
const, means a constant independent of the spectral parameters. 



E\(a) — const. K ^ -T. -, (29) 



(Vo(/3i)Fo(/32))a = Sa(/3i-/32), (28) 

S3i-t(3)S3{t(3 + X) 
■S3{^ + p-tf3)S3{^+P + tl3 + X)-' 
where S^iP) ^ S3{f3\p, X,27t). (30) 

We have 

-|^ = s(/?), E,{X^-P)=E^{f3). (31) 

For 1 < j < rt — 1 we have 

(^,(/3i)\^,_i(/32))a = {Vj-i{f3i)Vjif32))x (32) 

= const, sh -(/3i - /32 + — )v?(/3i - /32), (33) 

p n 

S^2(«/3- ^|p,A)S'2(-?^- l\p,X) 

7T StTZ 

(T/j(/3i)VS(/32))a = const. ^(/3i-/32)sh-(/3i-/?2 )/i(/3i - /?2, A), 

(35) 

M/3,A) = sh^/?sh^(/3-— )sh^(/3 + ^), (36) 

A A 71 A n 



1 

52(*/3 + f |p,A)y2(-*/3 + f |p,A)- 



^(/5) = TTT-^^^^rTTT^^-^^^^^-TT- (37) 



The rest of the two point functions oiVj{[3)'s are 1. These formulas are to be 
understood as analytic continuations from the regions where the integrals ( p7| ) 
are convergent. Because of the existence of poles, if they are used as integrands, 
we must pay a special attention to the choice of integration contours. 

To see this point closely, let us compute 

j,r ''^ 

We associated the integration variables Uj^r [^ 1^ r < N;l < j < j,.) to the 
current Vj{aj^r) contained in the vertex operator ^* (/3r) (see (p^)). We also 
set 

ao,r = I3r, (39) 

AG- = {r;jr>j}- (40) 

The factor -B(/3i, . . . , Pn) is given by the pair product 

S(/?i,...,/3Ar) - const. H Exi(3,-(3r) (41) 

l<r<s<N 

The integrand consists of three parts, 

/,„...,,„ (/3i,...,/?^) = K{{a,,r})9{{ajAW{{aj,r}), (42) 

where 

n-l 



1 = 1 "-eAf- l<r<s<iV 



(43) 



n — i 






TTl , -i-r , TT , 27ri , 



sh-(aj_i.s -aj> H ) sh-(aj,s - a^-.^ )k 



seAA. 



i-1 



(44) 



W{{a,,r]) = n n /iK.-«.,r,A). (45) 



The poles of the integrand come from those of K{{aj.r})- They are located 
at 



aj.r - aj-i,s = ±( p«Z>o - AiZ>o), 


(46) 


(^j,s-aj,r == ±( \- piZ>Q + XiZ>o). 


(47) 


g contour Cj> for aj_r is chosen so that 




the poles at a^-i^s -^ m — piZ>o — AiZ>o are below Cj>, 





the poles at aj-i,s — — + piZ>o + A«Z>o are above Cj^r, 

the poles at a^.s + ^21 + /9iZ>o + AiZ>o are above Cj^r, 

the poles at aj^s ~ ^^ — P*Z>o — AiZ>o are below Cj,r- 

These conditions are not compatible if all the poles are really existent. How- 
ever, in the actual situation for our matrix element (^*^(/3Ar) • • • **^(/3i)}a, this 
is not the case: the poles at 

■'' -^ n 

are canceled by the zeros of W{{aj^r})- It is easy to see that under this cancel- 
lation, a consistent choice of the contours is possible. 

In this paper we finish the operator theory at this point. We will not discuss 
the type I vertex operators and their form factors (P, 0]). In the next section, 
however, following the idea of Tarasov and Varchenko (see j|, ||, |^]), we will 
modify W{{aj^r}), and thereby construct a family of solutions to the quantum 
Knizhnik-Zamolodchiov equation in the special case where 

An 
A = — . (49) 

n 

Note that, in this case, the function ip{P) simplifies to 

'^^" 2zshf(/3-2^) ^ ' 

3 Integral formula 

For non-negative integers z/i, • ■ • , t'n-i satisfying 

N = l^a > 1^1 > 1^2 > ■ ■ ■ > i^n-l > J^n = 0, (51) 



we denote by Z^j_..._^^_^ the set of all the A^-tuples J = (ji, ■ • ■ , jjv) G (Z>o) 
such that 



N 



#AG-. (52) 



Define rj,m {0 < j < n — 1; 1 < m < Vj) a.s follows: 

■^j = {rjA, ■■■, rj,^^}, rj,i < ■ • • < r^^^. . (53) 

We have, in particular, ro,m = m. We make a correspondence between two sets 
of the integration variables: 

aj^r,.„. = 7i,m- (54) 



We set 



■wj({7j,m}) = Skcw„_i o •• • oSkewi.gj({7j^„}), (55) 






5j({7,,™}) = n{n{n ^^ 

j^l m—l r^Mj 



c TT sh -(7j,„ - 7j-i,„i' H ) IT sh -(7j,,„ - 7j_i,„i' ) \ 

^^ p n -^^ p n J 



nTT 27ri 1 , 

sh - (7j- „' - 7j^™ - — ) / : (56) 



l<m<m'<i>'j 



where 70, m = /3m and Skewj is the skew-symmetrization with respect to the 
variables {'^],m]ra=l,■■■,VJ^■ 

SkewjX(7j-,i,...,7j>J = XI sgn('^)^(7i,<T(i),---,7j,a(i.,))- (57) 

Note that the above definition differs from (Q) by sign. This change is 
necessary because we will choose different W in the below. Accordingly, we 
change the R matrix: 

,,,,, f -'R(pi,f32Yj; if (f, k') = (j, k) and j ^ k; 
■^ [R{Pi,P2)jk otherwise. 

In the following, we abbreviate 

wj{{lj,r}) = wj{Pk„---,f3k,) (59) 

when the dependence on {7j.m} (j 7^ 0) is irrelevant. 
For the function wj, the following equality holds. 



9iiMPuP2) = ef (^^+''-^'.-^^^) n{sh -(7,,2 - 7,-1.1 + ^) 



Lemma 1 

■^Oi,--- jfc+i,ifc,---jN)(/3ir ■ • : Pk+i,Pk, ■■■, Pn) = 
^i?(/3.,/3fc+i)g^>(,,,.,,,,,-^^,.,,„)(/3i,-..,/3,,/?fc+i,-..,/?^)(60) 

Proof. It is enough to prove (160) for N = 2. First, we prove 

W{Li){(3i,P2) ^wi^ij){P2,Pi), l = 0,l,---,n-l. (61) 

Note that 

(sh 

, TT , ni TT 27rii , 

X sh- 7j,i -7i-i,2 )sh- 7j,2 -jj.i \. (62) 

By using 

TT TT? TT TT? 

Sh -(72 -/?! + -) Sh -(71 - /32 - -) - (A ^ /32) 

p n p n 

TT TT 2i7TZ 

= sh-(/3i-/?2)sh-(72-7i + ) (63) 

p p 71 

repeatedly, we obtain 

Skew/_i o . . . o Skewo5(M)(/3i, /?2) = ei^^^'+^^-^'-'-'"-^^ sh -(/3i - /?2) 

P 

TT 27ri N , TI" / 27ri -i— r 

X sh -(7i 2 - 7/,i H ) sh -(7/,2 - 7i,i ) "•(7i,i ^ lj,2)- (64) 

n no n -'■-'- 

j=i 

This is symmetric with respect to 7;,i,7z,2, and therefore, we have (|6l|). 
Next, we show that 

Skew, o . . . o SkewiX(,+i,,)(/32,/3i) = (65) 

where 

X(l+lJ){P2,f3l) = 9{1 + 1.1){P2tPi) 

-i?(/3i , P2fCi+[9ii+u) (/3i , /32) - R{Pi , P2)\jX\9(i,i+i) Wi , /?2). (66) 

The proof for 9(ij+i){P2, Pi) is similar. The proof for g(^i^k) for general j,k 
reduces to the case fc = Z ± 1. 



For / = 0, one can check (163) directly. For Z > 1 we proceed as follows. Set 

li,i = 11,11,2 = 72,7i+i,i = 7- Noting that 

9ii+U){Pi,h) = <?(M)(/3i,/32)e^(^^-^'sh-(7-72-^), (67) 

5(u+i)(/3i,/32) - .9(u)(/?i,/32)e^(^^"^)sh-(7-7i + -), (68) 

p n 

we have 

Xi+u{02,(3i) = (^e^^ -ef(^^-^^-^))skewo5(u)(/3i,/32) 

2shf(/3i-/32)sh^(7i-72-^) 
+ sh^(/3i-/32-^) 

Note that 

27ri, 
p n 



-9(i,i){Pi,P2). (69) 



sh-(7i -72 )ff(/,i)(/3i,/32) ^ 



sh -(/3i - /?2 - ^)e^(ft+*-ri-7.) pj ;,(^^. ^ _ ^^.2). (70) 



Using (M and (fTd), we obtain (65). D 



Following H, ^, 0] , we define the hypergeometric pairing. Set 

-^-^f!-,.„-i = E Cwj{{i,,^}). (71) 

In our setting, the hypergeometric pairing gives rise to the pairing given by (ph 
between w £ J-i,xl--,v„-i and W £ J-ijJ,...^u„-n where the kernel K is given by 

„_1 Uj I^j-i 

n{n W V{l3,m-lj~^l.,m') n ^(7j,m-7j,m')}- (72) 

j^l rn—1 m' — 1 l<m<m' <Uj 

In this paper, we restrict to the level case, i.e., \ — ^, where we have (pO[). 
In this case, it is convenient to move the ?/^-part of the kernel to the space of W. 
Therefore, we set 

W.„.....„_, = E CW^j({7,,™}) (73) 

where 

WJi{lJ,„^}) - Skew„_io...oSkewiGj({7,-„J), (74) 
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Ti— 1 





^-1 r£j\fj 








"1 

11 

771 — 1 


n shj(7,,^-7,-vm'+^) n 


sh^(7i,m" 


- l]~l,rn' - 


n J 


"^j- 


-l.m'O-J,™ '■j.'^O-j-l, 


m' 




(75) 



We define the pairing as follows. For w G J'ui,---,u„-i and W G VVi,^ _...,!,„_ j, we 
set 

n n / '^^^A n n n ¥'(7„™-7,-i.™) 

x«^({7,,m})W^({7,,™}). (76) 

In the above formula, (p is given by ( p4[) with A = — . The contour Cj for 7j m 
is (— oo, oo) except that the poles at 

■Ki 47r 

7i±i,m' H pZ>o Z>o (77j 

n ^ n ^ 

are below Cj and the poles at 

TTZ 4:7r 

7i±i,m' 1- /3Z>o H Z>o (78) 

n ^ ji ^ 

are above Cj. 



The weight of the function /(/3i, . . . , [3n) given by (|^) is 

n-l 

^(i.,-i^,+i)£,. (79) 



The positive Weyl chamber is given by 

Vj-i + Vj^i > 2vj, for all j = 1, • • • , n — 1. (80) 



Proposition 2 Suppose that i^i, ■ ■ ■ , m„_i satisfy (O) artrf (p3). Then the inte- 
gral dTq) is absolutely convergent. 

Proof. It is easy to see that 

|w({7i,m})| < 

n-l / "j '^j-i \ 

const, expj - JZ 51 X! I'^J^™ " 7j-i,™' I + Yl '^J'™ ~ ^J'"' ' } ' 

J — 1 \ T?i— 1 m' — 1 l<?7i<m'<z^j / 
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\W{{l,.„r})\ < 

const, expj ^ ^ f ^ ^ \jj,„, - 7j-i,m'| j |, 



j — l \m—l m' — l 



where const, is a constant independent of {7j,m}- 

The asymptotic behaviour of ip is as follows (see [^ ) : 



(^(/3)~exp{-(^J + Q|/3|}, /?-.±oo. (81) 



Therefore, we have 

|the integrand of /(w,M^) I < const. exp(-—H^^^...„^_^{{'^j^„i})], (82) 

where 

X] XI X! I^J'^™ ~^J-1.™'I ~2 51 l7j,m - 7j\m' I • (83) 

j—l \ m— 1 m' — l l<7n<rn'<fj / 

Set 

n-l 

Let 7i, . . . ,7i/ be a renumbering of the variables {7j.m}o<j<n-i . We consider 
the integral in the region 

71 < • ■ • < 7^. (85) 

Set 

7fci = min(/3i, ...,I3n), (86) 

7/C2 = max(/3i ,...,Pn). (87) 

One can rewrite ( p3| ) as 

i?.i,.,.„_i({7j-,™}) = EMK7i+i-7i)- (88) 

Let 

71 < ■ • • < >_Ar (89) 

12 



be the renumbering of the variables {7j,m}i<3<"-i ■ We change the integration 
variables from 7^. to i^ by setting 

(lk+i-7k i{l<k<ki; 

tk = < Ik+N - lk+N-1 ifk2-N<k<iy-N; (90) 

L 7fc otherwise. 

For the convergence, it is enough to show that 

Affc > (1 < /c < /ci), (91) 

and 

Mk+N-i>0 {k2-N <k<v-N). (92) 

We will show (|9l|). The proof of ( |9^ ) is similar. 
Set 

Xj = jilm; 7-,,m < jk} [0 < j <n- 1). (93) 

Note that xq = because k < ki. Note also that not all x^ {I < j < n — 1) are 
zero. We have 

n— 1 I n — 1 n — 2 \ 

Mk = ^(i^j-i + ^j+1 - 2j^j)x, + 2 K] x2 - ^ xjxj+i . (94) 

The second term of the right hand side of the above formula is positive. There- 
fore, Mfe > if the condition (pfl) is satisfied. □ 

The hypergeometric pairing has the following property. 
Lemma 3 

/(5T(/^iv,/3i,---,/3iv-i),m/3i,---,/3jv-i,/3jv)) ^ ^ ,. 

= /(5,/(/3i,---,/3w),T^(/3i,---,/3w)), (95) 

where J = (jAf, ji, • ' ' i Jw-i) /or J — {ji,' ■ ■ ,Jn), and the left hand side is 
understood as the analytic continuation of the integral. 

Proof. We prove (pq) in the form 

/(gj(/3w, /5i, • • • , /3jv-i), W^(/3i, • • • , /3jv-i, /?iv)) 

= /(.gj(/3i,...,/3jv),m/3i,---,/3jv)) ^.. (96) 

/3jv — '/Sn + -^ 
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Note that the integration variables "ij,vj = l, • • ■ ,Jn) are associated with 
the A^-th component in the sense of the operator construction in Section 2. In 
other words, we have 

r,,., = N. (97) 

Therefore, it is natural to shift the contours for these variables at the same time 
when we change /3jv- In fact, by this simultaneous shift, no crossing of contours 
by poles occurs. To see this, it is enough to observe that the function gj has 
zeros at 7j±i,™ = "fj^uj + ^ if ?'i±i,m < N. 
We have 

l^({7,,™}™#Ar)|,__,_^ + i^ - (-l)^+'^-+''-+^-^W'({7,.™})- (98) 
Note also that (see ||I1) 



ifiP) shf(/?+^)- 



(99) 



We shift the contours in the integral (76) (with w = gj), and then change 
the variables ^j^r (1 < i ^ Jn)'- first by 

47rz 
7,,., ^7j,.,+— , (100) 

and second by 

7j,r-^7j,r+l (l<r<Z/j-l), "fj,u,^lj.l- (101) 

Rewriting the integrand by using (|9^) and (p9|), we get (p6|). □ 

From Lemma ^ and Lemma pL it is easy to show the following theorem. 
Theorem 4 We asuume the condition (|80|). For W S Wi/i,--,iy„_i, we set 

fw{Pi,---,M= E /(w^j,M^)(/3i,---,/3iv)«J, (102) 

where vj = Vj-^ ^ • • ■ (^ Wj„ /or J — {jir ' ' tJn)- Then fw is a solution to (||) 
wii/i i/ie restriction (|i|) and (H). 
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